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Abstract: It has been suggested long ago that 
a theoretical model of a near-cathode region 
in a DC glow discharge admits multiple 
steady-state solutions describing different 
modes of currrent transfer. Even the most 
simple self-consistent models should admit 
such multiple solutions. In the present work, 
these solutions have been calculated for the 
first time. 
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1. Introduction 

It is well known that current transfer to 
cathodes of DC glow discharges can occur in the 
abnormal mode or in the mode with a normal 
spot, e.g. [1]. This has led to a hypothesis [2] that 
a self-consistent theoretical model of a near-
cathode region in a DC glow discharge admits 
multiple steady-state solutions describing 
different modes of current transfer. Recent 
observations of patterns of more than one spot in 
DC glow microdischarges [3-7] can be 
interpreted as another argument in favour of this 
hypothesis [8]. A bifurcation analysis [9] has 
shown that multiple steady-state solutions must 
exist even in the framework of the most basic 
self-consistent model of a glow discharge, which 
is a discharge between parallel electrodes with a 
single ion species and transport of the ions and 
the electrons dominated by drift, without account 
of complex effects such as a nonlocal electron 
energy distribution or the presence of multiple 
ion and neutral species with a complex 
chemistry. 

In the present work, multiple steady-state 
solutions are found for the first time. 

2. The Model 

The simplest self-consistent mathematical model 
of a DC glow discharge comprises equations of 
conservation of a single ion species and 
electrons, transport equations for the ions and the 

electrons written in the so-called drift-diffusion 
approximation (i.e., neglecting inertia of the 
charged particles; e.g., [10]), and the Poisson 
equation: 

∇ ⋅ J i = ne α μe E − β ne ni , 
J i = −Di ∇ni − ni μi ∇ϕ, (1) 

∇ ⋅ Je = ne α μe E − β ne ni , 
Je = −De ∇ne + ne μe ∇ϕ, (2) 

ε0 ∇
2ϕ = −e (ni − ne ).    (3) 

Here ni, ne, Ji, Je, Di, De, μi, and μe are number 
densities, densities of transport fluxes, diffusion 
coefficients, and mobilities of ions and electrons, 
respectively; α is Townsend's ionization 
coefficient; β is coefficient of dissociative 
recombination; φ is electrostatic potential, 
E = ∇ϕ is electric field strength; ε0 is 
permittivity of free space; and e is elementary 
charge. Processes considered for volume 
ionization and recombination are electron impact 
ionization and dissociative recombination. 
Let us assume that the discharge vessel 
represents a right circular cylinder of a radius R 
and of a height h, and introduce cylindrical 
coordinates (r,φ, z)  with the origin at the center 
of the cathode and the z-axis coinciding with the 
axis of the vessel. Boundary conditions at the 
cathode, anode, and walls of the discharge vessel 
are written, respectively, as 

z = 0 : ∂ ni = 0,
∂ z 
(Je )z = −γ (J i )z , ϕ = 0;   (4) 

z = h : ni = 0, ∂ ne = 0, ϕ = U ;   (5) 
∂ z 

er = R : ∂ ni =
∂ n 

= 0, (Je + J i )r = 0.  (6) 
∂ r ∂ r 
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Here γ is the effective secondary emission 
coefficient and U is the discharge voltage. Note 
that the condition of vanishing ion number 
density at the anode surface, ni =0, represents an 
adequate boundary condition on an absorbing 
non-emitting and non-reflecting surface in the 
framework of the drift-diffusion approximation 
(e.g., Appendix B of [11] and references therein). 
In principle, it would be natural to apply this 
condition also at the cathode. However, there is a 
computational difficulty: a solution obtained in 
such way contains the so-called ion diffusion 
layer [12, 13], which is a very thin region 
positioned immediately in front of the cathode 
surface ”at the bottom” of the space-charge 
sheath where ni sharply drops, and a numerical 
resolution of this layer is costly. On the other 
hand, thickness of this layer as described by the 
drift-diffusion approximation is usually below 
the ion mean free path; an indication that the 
drift-diffusion description is not valid and one 
should resort to a kinetic description [14]. 
Besides, this layer, being very thin, is 
unimportant for an accurate description of the 
discharge on the whole. Therefore, the boundary 
condition for ni at the cathode is usually written 
in the form of zero normal derivative (e.g., [15]), 
which eliminates the ion diffusion layer. The 
latter boundary condition is used also in this  
work, and a similar boundary condition is 
applied to ne at the anode. These boundary 
conditions are applied also at the walls, which 
amounts to neglecting diffusion losses to the 
walls; a case in which the pattern of multiple 
solutions is more straightforward. (A change of 
this pattern which will occur if the diffusion 
losses are taken into account will be discussed 
below.) The last boundary condition in (6) means 
that the walls are electrically insulating. Note 
that the boundary conditions in the form (4)-(6) 
have been used in [16] in a numerical 
investigation of a glow discharge in molecular 
nitrogen burning in the mode of normal current 
density. 
The input parameters for the model can be both 
the discharge voltage U or the discharge current. 
Both possibilities have been used in the 
calculations, depending on the differential 
resistance of the discharge at the state being 
modelled. 
The problem (1)-(6) is well known and 

represents the most basic self-consistent model 
of a DC glow discharge. This problem admits a 

1D solution of the form f = f (z) (here f  is any of 
the functions ni, ne, and φ) which is in essence 
the well-known solution of von Engel and 
Steenbeck [1]. In certain conditions, the problem 
admits also 2D (axially symmetric) solutions, 
f = (r, z), and 3D solutions, f = f (r ,φ , z ) . In this 
work, 2D solutions are found. 
The model was implemented in COMSOL 
Multiphysics through a coupling between two 
convection-diffusion application modes and one 
electrostatic application mode. 

3. Results and discussion 

As an example, let us consider results for a 
discharge in xenon under the pressure of 30Torr 
in a discharge tube with R = h = 0.5mm. The 
mobility of Xe+2 ions in Xe was evaluated by 
means of the formula μi = 2.1×1021 m−1 V −1 s−1/nn 
(here nn is the density of the neutral gas), which 
is an approximation of the measurements [17]. 
The mobility of the electrons was evaluated by 
the formula μe = 19 Torr m−2 V −1 s−1/p, where p 
is the pressure of the plasma; Townsend’s 
ionization coefficient α was evaluated by 
equation (4.6) of [1]. (Note that this way of 
evaluation of μe and α yields results in good 
agreement with those given by the zero-
dimensional Boltzmann solver BOLSIG [18].) 
The diffusion coefficients were evaluated by 
means of Einstein’s law, Di,e = kTi,e μi,e /e, where 
k is Boltzmann’s constant and Ti and Te are 
temperatures of the heavy particles and electrons, 
respectively: Ti = 300 K and Te = 1 eV . The 
coefficient of dissociative recombination of 
molecular ions Xe+2 was set equal to 
2×10−13  m3 s−1 [19, 20]. The effective secondary 
emission coefficient was set equal to 0.03. 

Current-voltage characteristics (CVCs) of the 
1D solution and two 2D solutions are shown in 
figures 1 and 2 . Here <j> is the average value of 
the axial component of the electric current 
density evaluated over the (circular) cross 
section of the discharge vessel. The full line in 
both figures represents the CVC corresponding 
to the 1D solution. This is essentially the well-
known solution of von Engel and Steenbeck [1]; 
it exists at all values of the discharge current and 
describes states corresponding to: (i) the 
Townsend discharge at low currents, 
<j> < 1 A m−2; (ii) the falling part of the CVC, 



which is usually assumed to be unstable; and (iii) 
the abnormal glow discharge, with a rising CVC. 

The CVC of one of the 2D solutions is 
shown in figure 1. A part of this CVC is shown 
by the dashed line and a part by the dotted line. 
The CVC of the other 2D solution is shown in 
figure 2, also by the dashed and dotted lines. 
Each of the 2D solutions exists only in a limited 
range of the discharge currents and its CVC 
represents a closed curve. 

For the 2D solution shown in figure 1, there 
are two states in which functions ni, ne, and φ 
vary with z but not with r. These states are 
marked by triangles; one is close to the point of 
minimum of the CVC of the 1D solution and is 
designated a, the other is close to the Townsend 
regime and is designated d. These states belong 
not only to the 2D solution being considered, but 
also to the 1D solution. This phenomenon is well 
known in mathematical physics and is called 
bifurcation, or branching of solutions, and states 
at which it occurs are called bifurcation points. 
The 2D solution shown in figure 2 also possesses 
two bifurcation points, which are marked in both 
figures 1 and 2 and are designated b and c. In all 
the cases, the 2D solution exists at currents both 
below and above the current value that 
corresponds to the bifurcation point; in other 
words, the bifurcation is transcritical in accord to 
the theoretical predictions [9]. 

In agreement to the bifurcation theory [9], 
each 2D solution in the vicinity of a bifurcation 
point represents a superposition of a 1D 
distribution and a small 2D perturbation with the 
radial variation governed by the Bessel function 
of the first kind and zeroth order, J0 (k r), where 
k = 3.832/R and k = 7.016/R for the 2D solutions 
shown in figures 1 and 2, respectively. [Note that 
numbers 3.832 and 7.016 represent abscissas of 
the first 3 minimum and the first maximum of 
the function J0 (x) inside the interval 0 < x < 1.] 
In the following, the 2D solutions shown in 
figures 1 and 2 will be referred to as, 
respectively, the first and second 2D modes. 

One can see from figure 1 that the bifurcation 
points of the second mode, b and c, are shifted in 
the direction towards each other as compared to 
the bifurcation points of the first mode, a and d. 
Accordingly, the range of currents in which the 
second 2D mode exists is narrower than the 
range of existence of the first mode. This is a 
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Figure 1. CVCs. Full line: 1D solution. Dashed, 
dotted lines: the first 2D mode. Triangles: bifurcation 
points at which the first (a, d) and second (b, c) 2D 
modes branch off from the 1D solution. Circles: states 
for which the distributions of current density over the 
cathode surface are shown in figures 3 or 5. 

behaviour typical for bistable nonlinear 
dissipative systems; see figure 2 [21]. (Note that 
the two stable regimes of the considered system 
are represented by the abnormal discharge and 
the situation where the discharge has not been 
ignited [8].) Calculations not shown here 
demonstrate that this shrinking of the existence 
range is responsible for the fact that no 
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 Figure 2. CVCs. Full line: 1D solution. Dashed, 
dotted lines: the second 2D mode. Triangles: 
bifurcation points at which the second 2D mode 
branches off from the 1D solution. Circles: states for 
which the distributions of the current density over the 
cathode surface are shown in figure 4. 



higher-mode 2D solution exist. 
Images of the distribution of (local) current 

density j over the cathode surface are shown in 
figures 3 and 4. States to which every image in 
these figures corresponds are indicated in 
figures1 and 2. The dashed line in figure 1 
corresponds to states with a spot at the center of 
the cathode surface, while the dotted line 
corresponds to states with a ring spot at the 
periphery of the cathode. The dashed line in 
figure 2 corresponds to states with a spot at the 
center of the cathode and a ring spot at its 
periphery, while the dotted line corresponds to 
states with a ring spot in the interior of the 
cathode surface. One can conclude that there are 
two self-organization patterns corresponding to 
each 2D mode with the switching between the 
patterns occurring at each bifurcation point. In 
the following, the sections of the first 2D mode 
which are represented in figure 1 by the dashed 
and dotted lines will be referred to as, 
respectively, the branch with a central spot and 
the branch with a ring spot at the periphery of the 
cathode. The sections of the second 2D mode 
represented in figure 2 by the dashed and dotted 
lines will be referred to as, respectively, the 
branch with a central spot and a ring spot, and 
the branch with an interior ring spot. 

Evolution of each pattern along the 
corresponding branch from one bifurcation point 
to the other follows the same scenario: on 
leaving the bifurcation point in the vicinity of the 
point of minimum of the CVC of the 1D 
solution, j increases at certain positions of the 
cathode and decreases at others, thus a spot 
system is formed. As the distance from the 
bifurcation point increases, the spots shrink; their 
brightness first increases and then starts 

Figure 3. Images representing distributions of the 
current density over the cathode surface in the first 2D 
mode. The bar is in A m⁻². 

Figure 4. Images representing distributions of the 
current density over the cathode surface in the second 
2D mode. The bar is in A m⁻². 

decreasing. When the latter occurs, the spots 
become less pronounced. In the vicinity of the 
second bifurcation point, the spots completely 
disappear. 

Evolution of the pattern with a central spot, 
which is illustrated by the first set of five images 
in figure 3 and also by figure 5, is of particular 
interest. (States to which every image in figure 5 
corresponds are indicated in figure 1.) The spot 
is formed between states a and e. The spot 
shrinks between states e and g, however the 
current density inside the spot remains more or 
less constant, i.e., a decrease of the electric 
current is accompanied by a decrease of the area 
of the spot. After state g, the current density in 
the spot starts decreasing. The current density on 
the periphery of the cathode decreases between a 
and h and after state h starts increasing. After 
state h, the non-uniformity of the current 
distribution over the cathode decreases, and the 
distribution at state i is already rather smooth. 
The spot is completely extinguished between 
states i and d. 

The above-described constancy of j inside 
the spot between states e and g is associated with 
the plateau of the CVC represented by the 
dashed line in figure 1. (While the average 
current density <j> decreases from 300 A m−2 at 
state e to 44 A m−2 at state g, the discharge 
voltage varies only from 151.5 V to 152.6 V.) 
Both these features are characteristic for the 
effect of normal current density; e.g. [1]. Hence, 
the central-spot branch between states e and g 
may be identified with the normal mode. 
At the point of minimum of the CVC of the 1D 
solution, j = 323 A m−2. Values of the current 
density inside the normal spot considerably 
exceed this value and more or less correspond to 
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Figure 5. Distributions of the current density over the 
cathode surface on the central-spot branch of the first 
2D mode. 

values of the current density that occur on the 
abnormal mode at the same discharge voltage. 
For example, the value of discharge voltage U at 
state e is 151.5 V . At this U, the current density 
in the abnormal mode equals 490 A m−2, which is 
not very different from the maximum value of j 
at state e, equal to 503 A m−2. Similarly, 
U = 152.2 V at state f ; the current density at this 
U in the abnormal mode equals 593 A m−2 and is 
not dramatically different from the maximum 
value of j at state f, which is 539 A m−2. Hence, 
one one can view the effect of normal current 
density as a manifestation of coexistence of a hot 
phase, representing the abnormal mode, with a 
cold phase, representing a situation in which no 
discharge is present at the cathode surface point 
being considered. Note that the concept of 
coexistence of phases is a useful tool 
well-known in theoretical physics; in particular, 
this concept gives a hint as to why the discharge 
voltage is virtually constant in the normal mode: 
the coexistence of phases is usually possible at 
only one value of the control parameter, in our 
case, U. 

The effect of normal current density occurs 
also at the branch with a ring spot at the  
periphery, although in a narrower range of the 
discharge currents: when the average current 
density <j> on this branch varies from 346 A m−2 

to 275 A m−2, the discharge voltage varies from 
151.4 V to 151.6 V and the maximum current 
density from 445 A m−2 to 452 A m−2. No effect 
of normal current density is present on branches 

of the second 2D mode. The patterns with a ring 
spot or with a central spot and a ring spot may be 
viewed as axially symmetric analogues of 
patterns observed recently in DC glow 
microdischarges [3–7]. Thus, the present 
modelling supports the hypothesis [8] that 
patterns with multiple spots may be described in 
the framework of basic mechanisms of glow 
discharge, so there is no need to introduce 
special mechanisms to this end. 

As values of the diffusion coefficients Di and 
De are reduced, the bifurcation point at which the 
first 2D mode branches off (point a in figure 1) 
is shifted in the direction of higher j. When 
diffusion is neglected completely, this point has 
been shifted to j = 363 A m−2. The latter value 
conforms to the one at which the first axially 
symmetric bifurcation occurs in the framework 
of the bifurcation theory [9], which is 
j = 367 A m−2. Furthermore, this bifurcation point 
belongs to the rising section of the CVC of the 
1D solution, since the minimum of the CVC of 
the 1D solution without diffusion occurs at 
j = 318 A m−2. Thus, the present modelling has 
confirmed the possibility of a bifurcation on a 
discharge mode with a positive differential 
resistance; a result very interesting theoretically. 

When diffusion losses to the walls are taken 
into account, the von Engel and Steenbeck 
solution is no more 1D but becomes 2D (axially 
symmetric), i.e., distributions of ni, ne, and φ 
become functions of both z and r. Judging by 
analogy with cathodes of arc discharges [22], 
one can expect that the 2D solutions describing 
different spot patterns will continue to exist, 
although they will be disconnected from the von 
Engel and Steenbeck solution. 

4. Conclusion 

Multiple steady-state solutions have been 
found in the framework of the simplest self-
consistent glow discharge model. One is a 1D 
solution, which is essentially the well-known 
solution of von Engel and Steenbeck, and the 
others are axially symmetric solutions describing 
patterns with: a spot at the center of the cathode; 
a ring spot at the periphery of the cathode; a spot 
at the center and a ring-spot at the periphery of 
the cathode; an interior ring spot. 

The mode with a spot at the center of the 
cathode exhibits all the features of the effect of 
normal current density and may be viewed as a 



manifestation of coexistence of a hot phase, 
representing the abnormal mode, with a cold 
phase, representing a situation in which no 
discharge is present at the point of the cathode 
surface being considered. The other axially 
symmetric modes represent axially symmetric 
analogues of patterns observed recently in DC 
glow microdischarges. 

Future work includes finding 3D solutions, 
studying stability of 2D and 3D solutions, and 
eventually taking into account more complex 
effects such as the presence of multiple ion 
and/or neutral species and variations of the 
electron and heavy particle temperatures 
(similarly to how it is done, e.g., in [16, 23, 24]) 
with the aim of explaining why patterns with 
multiple spots have been observed in xenon 
microdischarges and not in other discharges. 
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