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Abstract: The use of plasmonic effects to
dramatically enhance the electromagnetic field
near the surface of a metallic nanostructured
surface has grown into a large research area in
the effort to take advantage of the surface
enhanced field.

In this paper the electromagnetic field near a
nano-sized truncated spherical cavity embedded
in a gold substrate is investigated and modeled in
3D with COMSOL Multiphysics. An essential
computational problem here is to setup a model
that is independent of the width of the simulation
domain.

The simulated near-field is interpreted on the
basis of Mie-theory and resonance of localized
surface plasmon polaritons (LSP).

The optical properties, such as absorption and
scattering of light, of the truncated spherical
cavity are also investigated. It is found that LSP
resonances mainly affect the scattering, which is
due to the spatial shape of the LSPs. It is at the
same time possible to control the scattering
property by changing the size of the cavity.

Keywords: Plasmon, Mie-theory, spherical
cavity, electromagnetic field.

1. Introduction

The interest in the electromagnetic field close
to metallic nanostructures has increased in the
last decades due to the possibility of fabricating,
characterizing, and utilizing nanostructures. In
metallic nanostructures the electromagnetic field
(EM-field) may excite collective vibrations of
the conduction-band electrons - also known as
plasmons. The EM-field and the plasmons
interact with each other, and the coupled state is
called a surface plasmon polariton (SPP) which
properties depend on the geometry and size of
the nanostructure. When the spatial extension of
the plasmon excitation is small compared to the
wavelength of the light, the coupled state is
called a localized surface plasmon polariton
(LSP) [1]. LSP has the ability to dramatically
enhance the EM-field in the vicinity of the
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Figure 1. Cross-section of a truncated spherical cavity
embedded in gold with dielectric constant g, The
cavity has radius a, depth d and the rim is rounded
with a radius s. The red dashed line indicates the
aperture for far-field calculation.

nanostructure which can be utilized to increase
the sensitivity in a variety of different sensor
applications. One of the most interesting
applications  is  surface-enhanced  Raman
spectroscopy where single-molecule detection is
possible.

A nanostructure, which is relatively easily
fabricated, is a truncated spherical cavity
embedded in gold [2]. A schematic cross-section
of the structure is shown in figure 1. In this
paper, the EM-field in the vicinity of a truncated
spherical cavity embedded in gold is investigated
through 3D finite element simulations with
COMSOL Multiphysics. The paper also includes
an investigation of the ability of the cavity to
scatter and absorb light when the incoming light
is a plane wave propagating perpendicular to the
gold surface. The simulations are interpreted on
the basis of Mie-theory.

2. The Truncated Spherical Cavity

The electromagnetic field in a spherical
cavity embedded in an infinite metallic substrate
is analytically described with the Mie-theory.
When the incoming field is a plane wave, the
field inside the cavity E;, is given by [3]
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where E,c, and E,d, are the amplitudes, ¢, and d,
expansion coefficients, and My, and N, are
known as spherical vector harmonics (SVH) that
are characterized by two integers m and n where
m=1. The internal field is in general a
superposition of SVH. However, at certain
wavelengths an expansion coefficient can be in
resonance and the corresponding SVH will
dominate. Physically, the resonance corresponds
to an excitation of a LSP.

Even though the spherical cavity is well
described, it is of no experimental interest,
because the incoming light will never be able to
excite LSPs in the cavity due to the (infinite)
thick metallic substrate. A much more interesting
structure is the truncated spherical cavity that is
embedded in metal with the opening pointing
into a half-space of air (fig. 1). Unfortunately,
there is no analytical solution to this geometry.
However, the results from the spherical cavity
can be used as a starting point in describing the
optical/plasmonic properties of a truncated
spherical cavity, as explained in [4]. The LSPs
of a truncated spherical cavity are a result of
coupling between Mie-modes (spherical cavity)
and rim-LSPs resulting in low-energy bonding
states Mi, and Nf, and high-energy anti-
bonding states M7,, and N7,,. The principle of the
LSP-coupling is shown in figure 2.

It should be mentioned that the integer m
might take on other values than 1 when the
incoming field is not perpendicular to the surface
of the substrate [4]. However, in this paper we
limit ourselves to perpendicular incoming waves.
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Figure 2. A sketch of the coupling between the
different LSP-components in a truncated spherical
cavity.

3. The Basic Equations

Even though the interaction between the EM-
field and the conduction electrons in the metal is
a quantum mechanical phenomenon, the huge
numbers of electrons in the metal makes the
interaction suited for a classical description with
Maxwell’s equations. In the following it is
assumed that no currents and excess charges
exist in the simulation domain, where the E- and
H-fields oscillates harmonically in time. The
electric (or magnetic) field can be computed by
solving the vector wave equation:
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In the equation E is the electric field, ko is the
wave number in free space, and ¢ and u are the
relative permittivity (dielectric constant) and
relative permeability, respectively.

The optical properties of a geometry is
characterized by its ability to absorb and scatter
light. If the material is a metal (lossy medium)
some of the electromagnetic energy is converted
to heat. The amount of averaged dissipated
energy Uq is given by [5]

1 2

Uy = —Ea)lm[gm]|E| , ®3)
where o is the angular frequency, and & the
dielectric function of the metal. In the above
formula, time-averaging is performed on time-
harmonic fields.

It is a much more problematic task to
calculate the scattered light of the geometry in
figure 1, because it is necessary to calculate the
far-field (radiation field) from the knowledge of
the field near the geometry. One way of
calculating the far-field is by use of the Stratton-
Chu formula [6] and the far-field approximations
for the free-space Green function and the V-

operator [7]:
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In the above formula, r is the position in the far-
field where we want to calculate the E-field,
r=|r|, k is the wave number, # is the unit vector
pointing in direction of r, 1 is the outward
normal-vector to the surface S, # is the vacuum

(4)



impedance. The formula tells us that the far-field
may be computed from the knowledge of the
scattered E- and H-field (Es and Hs) on the
surface S, where the scattered field is defined as
the part of the total field which radial component
asymptotically behaves as a spherical wave.
For the geometry in figure 1, the surface S must
be the infinite plane surface separating the half-
space of gold (including the cavity) with the half-
space of air. Unfortunately it is not practically
possible to simulate an infinite wide gold
substrate, so the surface S is limited to the
aperture of the cavity (indicated by a red dashed
line in figure 1). This approximation is known as
Kirchhoffs’ Second Approximation.
When the far-field is calculated, it is possible to
calculate the average intensity scattered into the
far-field:
1
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It should be noticed that the above formula is
only valid in the far-field where the E- and H-
fields are perpendicular to each other.

far

4, The COMSOL model

Even though the geometry of a truncated
spherical cavity embedded in gold has cylindrical
symmetry, it is still necessary to do 3D
simulations when we use a linearly polarized
light as the incoming wave. The total system
(geometry + perpendicular incoming wave) does,
however, contain two symmetry planes, so only
one quarter of the full geometry needs to be
modeled. On the other hand, it is necessary to do
the simulation in 2 steps so that the final solution
is independent of the width of the simulation
domain. The 2-step procedure is shown in figure
3 and will be explained in the following.

In step 1, eq. (2) is solved for the reflection
and refraction of a perpendicular incoming wave
by a plane gold substrate (no cavity). The
simulation uses the application harmonic
propagation in the RF-module. The vertical
boundaries (boundary 1, 2, 4, 5) are pairwise
either perfect electric conductor (PEC) or perfect
magnetic conductor (PMC) which forces the
incoming wave to be perpendicular to the
boundaries. The plane wave behaves as if the
width of the gold substrate is infinite
(independent of the width of the simulation
domain).
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Figure 3. The COMSOL model. The numbers indicate
the type of boundary condition, where the blue
numbers belongs to the boundaries hidden in the
figure if the model wasn’t transparent. The boundary
conditions may change between the two simulations,
where e.g. “PMC/SBC” should be understood as: In
step 1 the boundary is PMC, while it is an open
boundary with SBC in step 2. Green text indicates
subdomain specifications.

In step 2, eq. (2) is solved with the COMSOL
application scattered harmonic propagation,
where the E-field from the simulation in step 1 is
used as the incoming field. However, this time
the gold substrate contains a truncated spherical
cavity, and the vertical boundaries, while not
being symmetry planes, behave as open
boundaries using the scattering boundary
condition (SBC). According to the scattered field
formulation [8], sources will only be generated in
the cavity and not in the gold substrate due to the
choice of the incoming field. The result is a
simulation of the EM-field near the cavity with
the opening pointing into an open region of air
that is independent of the width of the simulation
domain.

In the simulations the dielectric function of
the gold substrate &, is described by an
interpolated  version of the often used
experimental data from Johnson and Christy [9].



4.1 The Effective Cross Section

A quantity that is related to experimental
observations is the effective cross section of a
geometry which is a measure of the cross section
in relation to the geometrical cross section. The
effective absorption cross section Qg is related
to the dissipated energy due to the cavity and is

defined as:
Qabs = FE—(?V:[VU abs2 U absldv . (6)

In the formula ma? is the geometrical cross
section of the cavity, the normalization factor
%E% is the average intensity of the incoming

plane wave, the number 4 is to account for only
simulating on quarter of the geometry, and Ugg
and U, are the dissipated energy after step 1
and 2, respectively. The integration volume V¢,
corresponds to the 100nm gold surrounding the
cavity. By integrating Ugsi-Uanse the resulting
cross section is only due to the presence of the
cavity and not the regular dissipation of energy
in the plane gold substrate.

The effective scattering cross section Qs is
calculated from the electric far-field:
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The integration is performed over one quarter of
a sphere with radius Ry and area Sgr. COMSOL
automatically normalizes the integrand with RZ,,,
so in eq. (7) it is necessary to divide by the same
factor [10]. It should be mentioned that the
electric far-field is calculated from the scattered
field in step 2 with the built-in far-field post-
processing tool using the aperture indicated in
figure 3.
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5. Results of modeling
5.1 Excitation of LSP modes

By the knowledge of the spatial distribution
of the different SVH (Mie-mode), it is
advantageous to track how the E-field changes in
certain strategic positions (positions where the
SVHs have maxima and minima) in the truncated
cavity when the wavelength of the incoming
wave changes. A distinct minimum or maximum
in the E-field is generally an indicator of
resonance of a certain coupled LSP mode.

By the procedure just described above, figure
4 presents a selection of the detected lowest
ordered LSP modes for a cavity with parameters
a=500nm, d=900nm and s=10nm. Figure 4a,b are
the bonding and anti-bonding state of the Mie-
mode Ni; while figure 4c,d are the coupled states
of Ny,. It is evident that the anti-bonding states
(figure 4b,d) more closely resembles the pure
Mie-modes, while the bonding states (figure
4a,c) are strongly perturbed by the rim and the
coupling to the rim-mode. The bonding states are
characterized by having the largest field
enhancement at the rim, while the anti-bonding
states have the enhancement in the cavity. The
field enhancement is generally larger for the
bonding states, which probably is not only due to
plasmonic effects, but also the electrostatic
lightning rod effect [11] at the rim.

5.2 Absorption and scattering

The effective absorption and scattering cross
sections are calculated for cavities of different
sizes, but with the truncation parameter d/(2a)
equal to 0.8 at all times. The result is shown in
figure 5. The absorption cross section (figure 5a)
has no distinct maxima and minima, but rather a
broad band of absorption for wavelengths below
550nm. It is only possible to identify a weak
increase in absorption for the N¥; and a minima
in absorption for N7;. The difference is due to
the spatial shape of the modes. However, in
general, figure 5a illustrates that the absorption is
only weakly dependent on excitation of LSPs.
The reason is again the spatial profile of the
modes in figure 4, where the field-enhancement
takes place in the air and near the surface of the
substrate, but no significant enhancement is
observed in the gold and therefore no increase in
absorption. This is also why Qs decreases for
larger cavities, because Qaps is divided by a
larger cross section ma® without a corresponding
increase in absorption. The wide band of
absorption below 550 nm is related to the optical
properties of gold (plasma frequency) and not the
nanostructured surface. An almost equivalent
absorption profile will be present for a plane gold
substrate.

The behavior of the scattering cross section is
very much different compared to the absorption
cross section. The spectrum contains some
distinct minima and maxima that can be related
to the excitation of specific LSPs (some of them
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Figure 4. A selection of LSP modes in the truncated cavity embedded in gold with parameters a=500nm, d=900nm,
s=10nm. Left side in each figure shows the unperturbed Mie-mode (bright areas correspond to high intensity), while the
right side shows the simulation result of the absolute value of the E-field in [V/m] in a cross section through the cavity
at a certain wavelength A, when the incoming wave has the amplitude E,=1V/m. The white spots in figure a) and c) are
areas where the E-field is higher than the scale on the color bar.
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Figure 5. a) Effective absorption cross section Q,ps for a truncated spherical cavity with the truncation parameter
d/(2a)=0.8 as a function of the wavelength of the incoming field A and the radius of the cavity a. b) The effective
scattering cross section Qgca.

shown in figure 4). However, calculations show where bonding states have the significant field-
that only the bonding states give rise to an enhancement at the rim of the cavity thus
increased scattering whereas anti-bonding states behaving as sources of scattering.

are seen as minima in the figure. This behavior Figure 5b shows that for cavities with radius

must be due to the spatial shape of the modes, a<250nm it is only possible to excite the



fundamental broad mode Nj;. However, when
the radius of the cavity increases it might be
possible to excite higher order modes such as
NT,. A behavior like this is typical for
nanostructured systems.

Another interesting result in figure 5b is the
possibility to partly control the optical response
of the cavity by changing the radius. The spectral
position of the LSP-modes red-shifts (almost
linearly) when the radius of the cavity increases
making the geometry a possible candidate as a
tunable substrate for surface enhanced sensing.
The insensitivity of the spectral position of N3,
for cavities with a<150nm is a consequence of
the quasi-static regime where retardation effects
have a weak influence on the behavior of the
plasmons and the resonance conditions [12].

We may conclude that the optical properties
of a truncated spherical cavity embedded in gold
are characterized by the scattering and not the
absorption. A similar conclusion is made in ref.
[2] based on reflection measurements on gold
substrates containing spherical voids.

6. Conclusion

In this paper the electromagnetic near-field
and the optical properties of a truncated spherical
cavity embedded in gold is investigated with a
3D  model implemented in COMSOL
Multiphysics. The model uses a 2-step
simulation procedure that makes the simulation
result independent of the width of the simulation
domain.

The simulated near-field is interpreted on the

basis of Mie-theory. It is evident that at certain
wavelengths of the incoming wave, LSPs will be
excited generating a characteristic near-field
(mode shape) in and near the opening of the
cavity.
The effective absorption and scattering cross
sections are calculated from the simulated
results. It is clear that only the scattering is
significantly affected by excitation of LSPs,
which is due to the spatial shape of the modes.
Excitation of bonding states increases the
scattering whereas the opposite is true for anti-
bonding states. Simulations also show the
possibility to modify the scattering property
(resonance of LSP) by changing the size of the
cavity.
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