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1  AIM OF THE WORK1. AIM OF THE WORK

AIM

1 F ti t th t f h i l1. Fatigue strength assessment of mechanical
components.

2. Taking into account the effect on the fatigue
strength due to the presence of complex threestrength due to the presence of complex three-
dimensional (3D) notches (gradient effect).

3. Considering the multiaxial effect caused by
external loadings as well as by multiaxial stressexternal loadings as well as by multiaxial stress
fields due to severe stress raisers (multiaxial
effect).

4. Developing a numerical tool in conjunction with

5. Comparing theoretical fatigue estimations to
i t l d t i d t lid t th

three-dimensional modelling tools to be used by
industrial engineers.

Slide Slide 33/15/15 Milan, 16th October 2009Milan, 16th October 2009

experimental data in order to validate the
developed approach.
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2  INTRODUCTION TO THE NON LOCAL MODEL2. INTRODUCTION TO THE NON-LOCAL MODEL

Non-local model
        1x x, y y dy

V x
     VrV x

y
 y Local stress tensor in y

 
22

2

k x y

lx, y e



  Weight function

V

Fa



 x

   r
V

V x x, y dy  Reference volume

r

Fa

  x

  x Non-local stress tensor in x
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2  INTRODUCTION TO THE NON LOCAL MODEL2. INTRODUCTION TO THE NON-LOCAL MODEL

From integral equation to partial differential equation

      1 d       
Vr

x x, y y dy
V x

    (1)

 It is important to observe that any scalar stress field defined in volume V as a
function of stress tensor can be used as equivalent scalar in equation (1).

 Integral definition of non-local scalar quantities (2) can be approximated by a second

        
Vr

1x x, y y dy
V x

    (2)

 Integral definition of non local scalar quantities (2) can be approximated by a second
order partial differential equation (3):

       2 2x c x x      (3)

 The equation (2) turns out to be equal an implicit differential formulation (3), i.e. so-
called implicit gradient approach.

 n 0   nNeumann’s boundary conditions  where    denotes the normal to the surface of V

Milan, 16th October 2009Milan, 16th October 2009Slide Slide 55/15/15

n 0   nNeumann s boundary conditions, where    denotes the normal to the surface of V

c Diffusive length related to the relevant material properties
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2  INTRODUCTION TO THE NON LOCAL MODEL2. INTRODUCTION TO THE NON-LOCAL MODEL

       2 2

Non-local model in fatigue

     2 2x c x x     

Scalars and can be different in order to consider different problems: 

,  ij Elasto-plastic model, low cycle fatigue

,  , ,...  High-cycle fatigue damage evaluations 

       2 2
a,eq a,eq a,eqx c x x     

,  a eq, ,...  High cycle fatigue damage evaluations 

Under non-proportional loading the principal stress directions are not constant.

To correctly define the equivalent deviatoric component, it could be necessary
t l lti i l it i t th ith th t di t h d

Milan, 16th October 2009Milan, 16th October 2009Slide Slide 66/15/15

to apply a multiaxial criterion together with the stress gradient approach under
mixed-mode loadings.
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3  STRESS INVARIANT BASED MULTIAXIAL CRITERION3. STRESS-INVARIANT BASED MULTIAXIAL CRITERION

Time variability of deviatoric component 

• As an external load is applied, the tip of the vector       describes a curve  s t

s3

pp , p
called  deviatoric stress component loading path    

 s t



 s t

In-phase 
loading

s3


s1



 s t
Out-of-phase 

loading

s3 
s1



 s t

Variable 
amplitude 
loading

• Usually the amplitude is calculated as the maximum
difference of vector at two different time instants s t

Milan, 16th October 2009Milan, 16th October 2009Slide Slide 77/15/15

s1   2,a 2 1
1J s t s t
2

 
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3  STRESS INVARIANT BASED MULTIAXIAL CRITERION3. STRESS-INVARIANT BASED MULTIAXIAL CRITERION

PbP approach

A. Cristofori, L. Susmel, R. Tovo, A stress invariant based criterion to estimate fatigue
d d lti i l l di I t ti l J l f F ti 30 (2008) 1646 58damage under multiaxial loading. International Journal of Fatigue 30 (2008), 1646-58.

Fundamental hypothesis:

The fatigue damage due to the applied loading
path can be estimated from the projection of 

Projected paths

Procedure:

• Assessment of the projection reference frame

path can be estimated from the projection of
the loading path on a convenient reference frame.

 p,i



3s

*
1n

*
3n

 p,3 t 2
d,a d,a i

  

• Definition of equivalent amplitude of the 
deviatoric stress component

 s t  p,1 t

 , , i
i


H,max
FL 3


  

 
FL FL FL FL

d,A d,A FL d,A d,A0 0 1      
     

• Formulation of the multiaxial high-cycle criterion

Milan, 16th October 2009Milan, 16th October 2009Slide Slide 88/15/15

1s

FL
d,a d,A 

  
FL

d,A 
 

FL FL FL FL   
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4  EXPERIMENTAL ANALYSIS4. EXPERIMENTAL ANALYSIS

41,51 16,98 41,51

100

1,
7

70 tests were carried out by testing
cylindrical 3D-notched specimens having
gross diameter equal to 8mm and made

7.
943,

97 23,48

4,
50

gross diameter equal to 8mm and made
of a commercial cold-rolled low-carbon
steel (En3B).

125 Ø
 7

Ø2,9
5

90
°

6,
54

16,97

R 0,03

A

DETTAGLIO A
SCALA 20:1

The specimens are characterized by
severe stress raisers with root radius
equal to 0.03mm.

Milan, 16th October 2009Milan, 16th October 2009Slide Slide 99/15/15

All tests were carried out in the Department of Mechanical Engineering, Trinity 
College of Dublin, under the supervision of prof. David Taylor.
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4  EXPERIMENTAL ANALYSIS4. EXPERIMENTAL ANALYSIS
Definitions:

a a,  Tensile and torsional stress amplitude refered to the gross section

  
 Phase angle between load components

  a a Biaxial load ratio defined as 

R Nominal load ratioR Nominal load ratio

Experimental details:

• One series of tests under pure tension fatigue p g
loading, R=-1.

• One series of tests under pure torsion fatigue 
loading, R=-1.

• Two series of tests under combined tension–• Two series of tests under combined tension
torsion fatigue loading, constant biaxial load 
ratio        , R=-1, phase angle   =0°or 90°

• Two series of tests under combined tension–
torsion fatigue loading  constant biaxial load 

3

Milan, 16th October 2009Milan, 16th October 2009Slide Slide 1010/15/15

torsion fatigue loading, constant biaxial load 
ratio      , R=-1, phase angle   =0°or 90°1
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4  EXPERIMENTAL ANALYSIS4. EXPERIMENTAL ANALYSIS

Torsional loading Torsional loading
Crack paths

Multiaxial loading Multiaxial loading

Torsional loading Torsional loadingMultiaxial loading Multiaxial loading

Milan, 16th October 2009Milan, 16th October 2009Slide Slide 1111/15/15
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5  PROCEDURE AND TOOLS OF CALCULATIONS5. PROCEDURE AND TOOLS OF CALCULATIONS
The procedure 
framework: COMSOL®

Structural Mechanics
COMSOL®

PDE Modes
MATLAB®

LINEAR ELASTIC STRESS 
ANALYSIS HAVE TO BE CARRIED 

OUT FOR ANY EXTERNAL 
LOADING APPLIED

Step 1

EXCTRACTION’S ROUTINE OF 
NODAL SOLUTIONS FOR ANY 

Step 2

NODAL SOLUTIONS FOR ANY 
APPLAIED EXTERNAL LOAD

ROUTINE OF CALCULATION
OF PROJECTIONS

REFERENCE FRAME

ROUTINE TO IMPORT THE
LOCAL SCALAR FIELDS INTO

Step 3

ROUTINE TO CALCULATE THE 
LOCAL VALUES OF DEVIATORIC  
AND HYDROSTATIC COMPONENT

FATIGUE LIFE ESTIMATION IS 

ASSESSMENT OF NON-LOCAL 
VALUES       AND         BY USING 
THE IMPLICIT GRADIENT METHOD

d ,a H ,maxStep 4

THE FEM MODEL

Milan, 16th October 2009Milan, 16th October 2009Slide Slide 1212/15/15

FATIGUE LIFE ESTIMATION IS 
PERFORMED AT EACH NODAL 

POINT BY COMPARING        TO 
LOCAL FATIGUE LIMIT         .

d,a

FL
d,A 



Step 5
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6  NUMERICAL RESULTS6. NUMERICAL RESULTS
77.5 MPa

83

100



67.1 MPa

71

100

83

a

Damage index

• σA=77.5 MPa
250

500

754 MPa

125

167

Uniaxial 
loading

a

• τA=67.5 MPa 167

250

376 MPa

100

125
Torsional 
loading

50.8 MPa

71

83

100

56

63

Multiaxial 
loading

a

a

53.4 MPa

71

83

100

56

63

Multiaxial 
loading

a

a

• σA=50.8 MPa
125

167

250

382 MPa

100

In-phase

loading
 a a 1  

66.2 MPa66.2 MPa

125

167

250
278 MPa

100

• σA=54.3 MPa

Out-of-phase

loading
 a a 1  

167

83

100

125

71

Multiaxial 
loading

 a a 3  

a

a

167

83

100

125

71

Multiaxial 
loading

  3  

a

a
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167

250

424 MPa

• σA=66.3 MPa

Out-of-phase

 a a 3 

250

500

656 MPa

• σA=66.3 MPa

In-phase

 a a 3 
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6  NUMERICAL RESULTS6. NUMERICAL RESULTS
Damage index

GEOMETRY LOAD 
CONDITIONS 

EXPERIMENTAL 
RESULTS 

FATIGUE STRENGTH 
PREDICTION 

ERROR 
INDEX CRITICAL POINT LOCATION 

 σa 
[Mpa] 

τa 
[Mpa] φ R σA 

[Mpa] 
τA 

[Mpa] 
σA 

[Mpa] 
τA 

[Mpa] E(%) x 
[mm] 

y 
[mm] 

z 
[mm] 

1 0 0° -1 75.7 − 77.5 − -2.3% 0.00 0.00 0.00 

0 1 0° -1 − 66 1 − 67 5 -2 1% 0 84 0 00 0 85 0 1 0° -1 − 66.1 − 67.5 -2.1% 0.84 0.00 0.85 

1 1 0° -1 52.7 − 50.8 − 3.7% -0.25 0.00 0.25 

1 1 90° -1 52.9 − 54.3 − -2.6% -0.00 0.02 0.04 

1.73 1 0° -1 68.7 − 66.3 − 3.6% -0.03 0.01 0.06 

 1.73 1 90° -1 66.7 − 66.3 − 0.6% -0.00 0.02 0.04 

 

Milan, 16th October 2009Milan, 16th October 2009Slide Slide 1414/15/15
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7. CONCLUSIONS

 The devised approach is seen to be highly accurate in estimating high-cycle
fatigue damage in mechanical components without the need for assuming a
priori the position of the critical point.

 This approach is capable of efficiently taking into account the presence of
b h l l l d d f h lboth multiaxial loading and non zero out-of-phase angles.

 The implicit gradient method applied in conjunction with PbP approach
proved to be a powerful engineering tool capable of efficiently designing
complex i e three dimensional (3D) stress concentrations againstcomplex, i.e. three-dimensional (3D), stress concentrations against
multiaxial fatigue.

 The fatigue life estimation technique proposed in the present work is
suitable for being used in situations of practical interest by directly post-

 Even if the results obtained so far are very satisfactory, more work needs to
be done for a complete validation of this method.

suitable for being used in situations of practical interest by directly post
processing simple linear-elastic FE models.

Milan, 16th October 2009Milan, 16th October 2009Slide Slide 1515/15/15
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Thank you forThank you for

your attentionyour attention
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3  STRESS INVARIANT BASED MULTIAXIAL CRITERION3. STRESS-INVARIANT BASED MULTIAXIAL CRITERION

General form for multiaxial fatigue limit criteria

Material parameter 
that characterizes the  f T, N  

Shear stress component Normal stress component

fatigue limit condition
 ,

Shear stress component Normal stress component

Amplitude of the shear 
t   th  iti l l

Mean or maximum normal 
t  di l  t  

Critical plane 
h stress on the critical plane stress perpendicular to 

critical plane

Amplitude of the square Mean or maximum 

approach

Stress-invariant 

Milan, 16th October 2009Milan, 16th October 2009Slide Slide 1717/15/15

root of the second invariant 
of the stress deviator

hydrostatic stressbased approach
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3  STRESS INVARIANT BASED MULTIAXIAL CRITERION

Definition of the stress quantities related to stress invariant approach 
• Deviatoric and hydrostatic components of Cauchy’s stress tensor

3. STRESS-INVARIANT BASED MULTIAXIAL CRITERION

 
     
     
     

   
x xy xz

dyx y yz H

zx zy z

t t t
t t t t t I t

t t t

   
           
    

 

     
   

 
     

 
     

x y z
xy xz

y x z
d yx yz

2 t t t
t t

3
2 t t t

t t t
3

2 t t t

   
  

   
    
 

   
    H

1t tr t
3

  

• Deviatoric component can be 
represented as a 5 element vector

• Square root of the second 
invariant of the stress deviator

   
     z x y

zx zy

2 t t t
t t

3
      

 

 
 
 
 

      
    

 

x y z1

2
y z

3

3 2 t t ts t 6
1s t t t

s t s t 2
t

 
    

  
    

    
  

represented as a 5-element vector invariant of the stress deviator

        
5 2

2 i
i 1

J t s t s t s t


   
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 
 

 
 
 

xy4

xz5

yz

ts t
ts t
t

  
     
   How to find the amplitude?
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3  STRESS INVARIANT BASED MULTIAXIAL CRITERION3. STRESS-INVARIANT BASED MULTIAXIAL CRITERION

The projection reference frame

 m,i i
1s s t dt T

i 1,.....,5

• Centroid of the path

3s
*
3n

Projection reference frame

     C s t s s t s dt  i j 1 5

TT

• Rectangular moment of inertia of the path


*
1n

     ij i m,i j m, jC s t s s t s dt   
T

i,j 1,.....,5

• Eigenvectors are invariant for coordinate
transformation and their calculation is ms

• The eigenvector reference frame coincides with
the maximum variance reference frame.

numerically efficient.

• Fatigue damage is strongly related to the variance of the signals For instance under

1s

Milan, 16th October 2009Milan, 16th October 2009Slide Slide 1919/15/15

• Fatigue damage is strongly related to the variance of the signals. For instance, under
amplitude constant load the maximum damage reference frame coincides with the
maximum variance reference frame.
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5  PROCEDURE AND TOOLS OF CALCULATIONS5. PROCEDURE AND TOOLS OF CALCULATIONS

CURVA DI CALIBRAZIONE DEL MODELLO
d A

High-cycle fatigue strength versus 

lti i l l d ti
EN3B 

Calibration of the fatigue strength criterion

150

200

250

300
d,A multiaxial load ratio

Serie R ρFL FL
d,A  

a 1·106 cicli 
FL

d,A  

a 2·106 cicli 
   [MPa] [MPa] 

Monoassiale -1 1 199.7 192.8 

Monoassiale 0 2 175.1 171.9 

Torsione pura 1 0 268 6 258 6

0

50

100

150

0 0.5 1 1.5 2 2.5 3
  FL

0.77
0.2

d,A FL [MPa] 130 e 262
 
 
  

 
      
 
 

Torsione pura -1 0 268.6 258.6

 
• Relation between fatigue strength at 2 million cycle and FL

FL 
 

γmin
CURVA DI TARATURA DI C

2.0

• Fatigue limit condition for a crack

0.5

1.0

1.5

I nom thK y a K       

• High-cycle fatigue safety factor

Milan, 16th October 2009Milan, 16th October 2009Slide Slide 2020/15/15

0.0
0 0.05 0.1 0.15 0.2 0.25

C [mm]
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•

FL
d,A

d,a




 

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5  PROCEDURE AND TOOLS OF CALCULATIONS5. PROCEDURE AND TOOLS OF CALCULATIONS
The procedure framework:

1. A usual linear elastic stress analysis have to carry out for each type of

2. Local projection reference frame is evaluated at every mesh nodal point.

y y yp
external load applied to the specimen.

3 Local values of the amplitude of deviatoric component and maximum3. Local values of the amplitude of deviatoric component and maximum
hydrostatic component are calculated at every node.

d,a
H,max

4. Non-local values and are calculated at each nodal point by using
the implicit gradient method:

d,a H,max

 2 2
d,a d,a d,ac       d,a 0   n
 2 2

H,max H,max H maxc       H,max 0   n

the implicit gradient method:

H,max H,max H,max  H,max

5. Multiaxial load ratio can be calculated as:



H,max

FL
d,a

3 
  


FL

6 F ti  lif  ti ti  i  fi ll  f d t h d l i t i   
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6. Fatigue life estimation is finally performed at each nodal point comparing  
with local fatigue limit          calculated as function of      .

d,a

FLd,A FL
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4  EXPERIMENTAL ANALYSIS

T t lti i li

Statistical analysisTest multiassiali

Fatigue tests

4. EXPERIMENTAL ANALYSIS
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a 1·106 cicli

[MPa]

σA,50%
a 2·106 cicli

[MPa]

σA,50%
a 5·106 cicli
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25

50

 Numero cicli

Rottura
Run-out
Retta di regressione k = 5.36
Banda di dispersione (95%)
Banda di confidenza  (95%)
Intercetta a 1000000 cicli = 60.2 MPa
Intercetta a 2000000 cicli = 52.9 MPa
Intercetta a 5000000 cicli = 44.5 MPa

Synthesis of the 

Failure criterion

Monoassiale 15 -1 - - 3.76 91.0 75.7 59.4

Torsione pura 16 -1 - - 6.87 73.2 66.1 57.9

Multiassiale 13 -1 1.73 0° 4.98 79.0 68.7 57.2

Multiassiale 11 -1 1.73 90° 4.61 77.5 66.7 54.7

Synthesis of the 
experimental 
results generated 
under uniaxial and 

lti i l l d
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Multiassiale 8 -1 1 0° 5.67 59.6 52.7 44.8

Multiassiale 7 -1 1 90° 5.36 60.2 52.9 44.5
multiaxial loads



university of ferrarauniversity of ferrara
600 YEARS OF LOOKING FORWARD600 YEARS OF LOOKING FORWARD

5  PROCEDURE AND TOOLS OF CALCULATIONS5. PROCEDURE AND TOOLS OF CALCULATIONS

Definition of the stress quantities

First load condition (’) Second load condition (’’)

Fa
Mt

k: index of node

: phase angle between Fa and Mt

 
     
     
     

x xy xz

xy y yz

xz yz z

t, t, t,
t, t, t, t,

t, t, t,

     
         
      

k k k
k k k k

k k k
 

     
     
     

x xy xz

xy y yz

xz yz z

t, t, t,
t, t, t, t,

t, t, t,

     
         
      

k k k
k k k k

k k k

        

      

1 x y z

x,m x,a x,m x,a y,m y,a

1s t 2 t t t
2 3

2 sin t sin t sin t1

    

                
 
 

        3 xy xy,m xy,a xy,m xy,as t t sin t sin t           

           1 2 3 4 5s t s t s t s t s t s t                   1 2 3 4 5s t s t s t s t s t s t       

     y,m y,a z,m z,a z,m z,a2 3 sin t sin t sin t
 
                 

      2 y z
1s t t t
2

   

        4 xz xz,m xz,a xz,m xz,as t t sin t sin t           

        5 yz yz,m yz,a yz,m yz,as t t sin t sin t           
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               1 2 3 4 5s t s t s t s t s t s t s t s t        
   

y,m y,a y,m y,a

z,m z,a z,m z,a

sin t sin t1
2 sin t sin t

           
             
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5  PROCEDURE AND TOOLS OF CALCULATIONS5. PROCEDURE AND TOOLS OF CALCULATIONS

• Variance and covariance terms of  s t
*

Projection reference frame
The maximum variance reference frame

 

     ij i i,m j j,mC s t s s t s dt   
T

i, j 1,.....,5

• Covariance matrix is a symmetric square matrix of 
order 5

2n
*
1n

2n

 1,m 5,ms ;....;s*O

 t

11, 1j,

i1, ij,

C C
C

C C

 
   
  



  



k k

k

k k

i, j 1,.....,5
1,.....,n


k i

*n

 , ,

 s t

1
C N N



  k
* *
1 5N n n    


k

• The covariance matrix have to be diagonalised in 
order to find the direction of maximum variance 1n

in

O

  

           

2

11, 1 1,m

2 22 2 2 2
x,a x,a y,a y,a z,a z,a x,a x,a

1C s t s dt

4 4 8 cos

4 4 4 cos 4 cos 41

  

                     

                        


T

k
0T

 
 
 

     

       

12, 21, 1 1,m 2 2,m

2 22 2
z,a z,a y,a y,a x,a y,a x,a y,a

1C C s t s s t s dt

2 2 cos
1 2 2 cos 2 cos 2

    

                    

                    


T

k k
0T

 
 
 

 k

Milan, 16th October 2009Milan, 16th October 2009Slide Slide 2424/15/15

x,a y,a x,a y,a x,a y,a x,a y,a x,a z,a

x,a z,a x,a z,a

4 4 4 cos 4 cos 41
24 4 cos 4 cos 4

           


           x,a z,a y,a y,a

y,a z,a y,a z,a y,a z,a y,a z,a z,a z,a

2 cos

2 2 cos 2 cos 2 2 cos

 
 

         
                           

x,a z,a x,a z,a x,a y,a x,a y,a

x,a z,a x,a z,a y,a

2 2 cos 2 cos 2
8 3

2 cos 2 2

          

             y,a z,a z,acos 2 cos

 
 

      
 
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5  PROCEDURE AND TOOLS OF CALCULATIONS5. PROCEDURE AND TOOLS OF CALCULATIONS

Projected path

Analytical formulations of deviatoric and hydrostatic stress components

         m a m as t s t s t s s sin t s s sin t               

2
*n

  *
s t

Projected path

 
 

*
i

*
i

*
in * *

i i

s t , n
s t n

n , n
  i 1,....,5

     H H m H a H m H at sin t sin t             

 s t

 

  *
2n

s     H H,m H,a H,m H,a 

  *
in

d s t
0

dt
 i 1,....,5

  Hd t
0

dt




• Calculation of maximum values of       and         functions  s t  H t

*O
*
1n

i
*n  t

  *
in

s t
  *

1n
s tdt dt

*
i

*
a i

n *
a i

i 1,...,5

s , n 1 1arctan
sin tans ,n



  
      
      

* *
i in n

    

H,a 1 1arctan
  

             

     * ** i i

* *
a i a in nn i 1 5

s s , n sin s ,n sin         

• Analytical solutions

H
H,a

arctan
sin tan         

H H    
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     
i ii

n nn i 1,....,5a  

   *
i

252
d,a d,a i n ai i 1

s


    
   H HH,max H,a H,asin sin          




